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ABSTRACT
Brown & Mallik 2008 and the Brown et al. 2010 corrigendum of it presented expressions for non-
thermal recombination (NTR) in the collisionally thin- and thick-target regimes, claiming that the
process could account for a substantial part of hard X-ray continuum in solar flares usually attributed
entirely to thermal and non-thermal bremsstrahlung (NTB). However, we have found the thick-target
expression to become unphysical for low cut-offs in the injected electron energy spectrum. We trace
this to an error in the derivation, derive a corrected version which is real-valued and continuous for
all photon energies and cut-offs, and show that, for thick targets, Brown et al. over-estimated NTR
emission at small photon energies. The regime of small cut-offs and large spectral indices involve large
(reducing) correction factors but in some other thick-target parameter regimes NTR/NTB can still
be of order unity. We comment on the importance of these results to flare and to microflare modeling
and spectral fitting. An empirical fit to our results shows that the peak NTR contribution comprises
over half the hard X-ray signal if δ & 6( E0c4 keV )
0.4.
Subject headings: atomic processes, Sun: corona, Sun: flares, Sun: X-rays, gamma rays
1. INTRODUCTION
Hard X-ray (HXR) emissions are widely used to un-
derstand the distribution and acceleration of electrons
in solar flares. For this reason, it is vitally important
to understand correctly the radiative processes that con-
tribute to the HXR bursts observed from flare electrons.
Brown & Mallik (2008) (B08), Brown & Mallik (2009)
derived an equation for the emission of photons by two-
body radiative recombination of non-thermal electrons
onto hot ions in the thick-target approximation, which
was updated in Brown, Mallik & Badnell (2010) (B10)
to correct errors in the summation over ion types and
in the atomic/ionic/radiative coefficients appropriate to
the hydrogen ion species considered (Equation 3 of B10).
By careful re-analysis of this work we found that
their thick-target recombination expression gives imag-
inary, and thus unphysical, values for cut-off energies
E0c < VZeff/n
2 (with VZeff the ionization energy of a
bound state with effective charge Zeff and recombina-
tion end level quantum number n, in their notation), in
the intermediate range of this equation, VZeff/n
2 < ǫ <
E0c + VZeff/n
2 (for photon energy ǫ). This algebraic er-
ror in B08, carried forward into B10, would have been
evident had B08 or B10 numerically plotted any case in-
volving E0c < VZeff/n
2.
We therefore re-derive this Equation in Section 2 to
correct the functional form, in addition to the corrections
already made by B10 to B08. Spectra calculated with the
amended equations are examined in Section 3, to show
that quite major corrections (reductions) in the predicted
NTR occur for small cut-offs and large spectral indices,
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while for some other regimes NTR can be important. We
also discuss the errors that arise during spectral inversion
when NTR is neglected in spectral fits, and important
implications of NTR in Section 4.
2. EQUATIONS
We first consider recombination for one bound state
of one ion, and then sum over ions VZeff and levels n
to obtain an expression for the total emission. Let the
following constants all be written together as ΓZeff,n =
32πr2
e
χ2Z4
eff
3
√
3αn3
, and then the cross-sectional area (cm2) for
recombination in the Kramers approximation (Kramers
1923) is given by
QR =
ΓZeff,n
ǫE
(1)
where ǫ is the energy of the emitted photon and E the
kinetic energy of the recombining electron. We adopt
the Kramers cross-section for simplicity of comparing
NTR with NTB (and by analogy with B08), although
it is inappropriate for general use, when the Bethe-
Heitler cross-section should be used (Bethe & Heitler
1934; Koch & Motz 1959). By Equation 7 of B08, the
differential cross-section per unit ǫ is given by
dQR
dǫ
= ΓZeff,n
δD(E − ǫ+ VZeff/n2)
ǫE
(2)
where δD is the Dirac delta function and VZeff/n
2 is the
energy of the bound state of an ion with effective charge
Zeff and quantum number n. We then evaluate the pho-
ton yield ηRZeff per unit ǫ for one electron of injection
energy E0 during its collisional lifetime using Equation
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B.7 of B08
ηRZeff (ǫ, E0) =
1
K
∫
E
E
dQR
dǫ
dE
=
ΓZeff,n
K
∫
E
δD(E − ǫ+ VZeff/n2)
ǫ
dE
=
ΓZeff,n
K
×
{
0 if E0 < ǫ− VZeffn2
1/ǫ if E0 ≥ ǫ− VZeffn2
(3)
where K is given by 2πe4Λ, Λ being the Coulomb log-
arithm. Note that the correct limits are in terms of
ǫ−VZeff/n2, not ǫ+VZeff/n2 (cf. B08, B10). We adopt a
thick-target electron injection spectrum (electrons sec−1
per unit E0) of the same form as Equation B.10 of B08,
F0(E0) = (δ − 1)
F0c
E0c
×
{[
E0
E0c
]−δ
if E0 ≥ E0c
0 if E0 < E0c
(4)
where δ is the spectral index, F0c is the electron rate
above the cut-off (electrons sec−1), and E0c is the low-
energy cut-off. We combine Equations 3 and 4 with
Equation B.6 of B08 to determine the recombination
spectrum JRZeff due to a given bound state of an ion.
However, the limits must be carefully accounted for.
We have two cases: E0 < ǫ − VZeff/n2, in which case
JRZ = 0, and E0 ≥ ǫ − VZeff/n2 which must be split
into three subcases: 1. E0 ≥ ǫ − VZeff/n2 ≥ E0c, 2.
E0 ≥ E0c > ǫ− VZeff/n2 ≥ 0, and 3. ǫ− VZeff/n2 < 0.
In the first case, E0 ≥ ǫ− VZeff/n2 ≥ E0c, we have
JRZeff(ǫ) =
∫ ∞
E0=ǫ−VZeff/n2
F0(E0) η(ǫ, E0) dE0
=
ΓZeff,n(δ − 1)F0c
KǫE0c
∫ ∞
ǫ−VZeff/n2
[ E0
E0c
]−δ
dE0
=
ΓZeff,nF0c
Kǫ
[ǫ− VZeff/n2
E0c
]1−δ
(5)
In the second case, E0 ≥ E0c > ǫ − VZeff/n2 ≥ 0, we
similarly find
JRZeff (ǫ) =
∫ ∞
E0=E0c
F0(E0) η(ǫ, E0) dE0
=
ΓZeff,nF0c
Kǫ
(6)
In the third case, ǫ−VZeff/n2 < 0, there is no radiation
since any photon emitted by recombination must have
energy equal to E + VZeff/n
2 for a given electron kinetic
energy E, so JRZeff = 0.
Therefore, the combined expression is given by:
JRZeff(ǫ) =
ΓZeff,nF0c
Kǫ
×


[
ǫ−VZeff/n
2
E0c
]1−δ
if ǫ ≥ E0c + VZeffn2
1 if
VZeff
n2 ≤ ǫ < E0c +
VZeff
n2
0 if ǫ <
VZeff
n2
(7)
This function is real-valued for any positive values of ǫ,
E0c, and VZeff/n
2, and is continuous at the point ǫ =
E0c + VZeff/n
2.
To calculate the entire spectrum due to multiple ions
with many bound states, we have to sum over each ion
and bound state. The full spectrum is then given by
(compare with Equation 3 of B10):
JR(ǫ) =
32πr2eχ
2F0c
3
√
3αKǫ
∑
Zeff
∑
n≥nmin
pnζRZeff
1
n3
×


[
ǫ−VZeff/n
2
E0c
]1−δ
if ǫ ≥ E0c + VZeffn2
1 if
VZeff
n2 ≤ ǫ < E0c +
VZeff
n2
0 if ǫ <
VZeff
n2
(8)
where pn, nmin, and ζRZeff are defined in B10.
In the range VZeff/n
2 ≤ ǫ < E0c+VZeff/n2, the emission
predicted by B10 is over-estimated by a constant factor
of
[
E0c−VZeff/n
2
E0c
]1−δ
. For large cut-off energies and small
spectral indices, this is relatively unimportant. For large
spectral indices, this term grows without bound and can
lead to significant errors. For small cut-off energies the
discrepancy can be greater than 90%, and the old ex-
pression gives complex, and thus unphysical, values for
E0c < VZeff/n
2. In Section 3 we briefly examine the effect
this has on spectra.
3. RESULTS
Using the (coronal) abundances and effective charges
given in B08, along with ionization equilibria calculated
with CHIANTI v.8 (Dere et al. 1997; Del Zanna et al.
2015), we calculate example spectra to examine the
amended equations. Figure 1 shows a comparison be-
tween the expressions of B10 and the amended ones here.
The top plots show the recombination spectra for cut-offs
of 3 and 10 keV, respectively, at a temperature of 20MK,
spectral index of 5.5, and an electron rate above the cut-
off 1036 electrons sec−1 (along with the NTB spectrum).
The bottom plots show the ratio of non-thermal recom-
bination to non-thermal bremsstrahlung, calculated with
equation B.11 of B08.
The correction is most significant in the range
1.95keV< ǫ ≤ E0c +1.95 keV (1.95 keV is VZeff/n2min for
Fe XXV). We have neglected Fe XXVI and XXVII, which
should not be abundant at this temperature, so that
above that range, the expressions are equivalent. Below
1.95keV, the correction becomes progressively smaller as
photon energy decreases. Comparing the two plots, it is
clear that this correction is significant at low cut-offs, ac-
counting for a factor of 100 error with a cut-off of 3 keV
and only a factor of 2 with a cut-off of 10 keV.
Figure 2 shows two more examples, with a cut-off of
3 keV once again. The plot at left shows the recombina-
tion/bremsstrahlung ratio with a plasma temperature of
10MK (spectral index and electron flux the same as be-
fore), while the one at right shows the ratio for a spectral
index of 7 (temperature 20MK). It is immediately clear
that the correction is more important at higher temper-
atures, where the hotter iron ions contribute more to the
NTR spectrum. On the other hand, for large spectral
indices, the bremsstrahlung emissions diminish rapidly
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Figure 1. Comparison of the corrected expressions for thick-target recombination to B10. The top plots show the recombination spectra
calculated with the amended and original expressions (along with NTB), and the bottom plots show the corrected and uncorrected ratios
of non-thermal recombination to non-thermal bremsstrahlung. The plots at left had a cut-off of 3 keV, while the right had 10 keV. Both
used a spectral index of 5.5, a temperature of 20MK, and an electron number flux above the cut-off of 1036 electrons sec−1. The vertical
lines denote 1.95 keV (VZeff/n
2
min
for Fe XXV) and E0c + 1.95 keV, the range where the correction is most significant.
Figure 2. The recombination/bremsstrahlung ratio for two more cases with (left) δ = 5.5, E0c = 3keV, and a temperature of 10 MK and
(right) δ = 7 and a temperature of 20 MK.
relative to recombination as photon energy decreases,
so that recombination becomes increasingly dominant,
and can be comparable to or greater than non-thermal
bremsstrahlung.
We have tabulated the peak of the ratio as a function
of the spectral index and cut-off energy at 20 MK (Table
1). We list the photon energy at which the ratio peaks
(usually E0c + 1.95keV) and the peak of the ratio itself.
At small cut-offs, it is clear that NTR is an important
consideration regardless of the spectral index. Similarly,
at large spectral indices, it is clear that the process is
important for all cut-offs. An empirical fit shows that
the peak NTR contribution comprises more than half of
the HXR signal if δ & 6( E0c4 keV)
0.4, or greater than 10% if
δ & 4( E0c4 keV)
0.4. Many flares follow a soft-hard-soft trend
in spectral index (e.g. Grigis & Benz 2004), so that this
process must be considered in spectral fitting, especially
at early and late times.
To illustrate the importance of NTR in spectral fit-
ting relative to NTB, we have synthesized photon spectra
with NTB and NTR using the corrected formula and that
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Table 1 The NTR/NTB ratio as a function of δ (horizontal) and E0c (vertical) at a temperature of 20 MK. Each grid
cell shows the photon energy ǫ at which the ratio peaks, and the ratio itself at that energy. If the ratio exceeds 10%, it is
shown in bold and blue to indicate where NTR becomes an important consideration.
3 4 5 6 7 8 9 10
1 keV 2.74, 0.16 2.83, 1.23 2.83, 6.66 2.83, 30.5 2.83, 127 2.83, 496 2.83, 1850 2.83, 6650
2 keV 3.74, 0.06 3.83, 0.31 3.83, 1.13 3.83, 3.48 3.83, 9.70 3.83, 25.4 3.83, 63.9 3.83, 156
3 keV 4.74, 0.04 4.83, 0.16 4.83, 0.48 4.83, 1.24 4.83, 2.88 4.95, 6.34 4.95, 13.4 4.95, 27.5
5 keV 6.74, 0.02 6.83, 0.07 6.83, 0.19 6.95, 0.42 6.95, 0.84 6.95, 1.56 6.95, 2.78 6.95, 4.80
7 keV 8.74, 0.01 8.83, 0.05 8.83, 0.11 8.95, 0.23 8.95, 0.43 8.95, 0.73 8.95, 1.21 8.95, 1.92
10 keV 11.83, 0.01 11.83, 0.03 11.95, 0.07 11.95, 0.13 11.95, 0.23 11.95, 0.37 11.95, 0.57 11.95, 0.86
15 keV 16.74, 0.01 16.83, 0.02 16.83, 0.04 16.95, 0.08 16.95, 0.12 16.95, 0.19 16.95, 0.28 16.95, 0.40
20 keV 21.74, < 0.01 21.83, 0.01 21.95, 0.03 21.95, 0.05 21.95, 0.08 21.95, 0.13 21.95, 0.18 21.95, 0.25
of B10, in a case where NTR is expected to be important.
We adopt the following parameters: E0c = 3keV, δ = 7,
an electron rate above the cut-off F0c = 10
36 electrons
sec−1, at a temperature of 20 MK. We bin the energy
using the commonly adopted RHESSI binning code 22,
extended down to 1 keV (i.e. 1/3 keV bins up to 15 keV,
1 keV bins up to 100 keV). We then fit these photon
spectra from 1-10keV with the IDL least squares fitting
routine MPFIT (Markwardt 2009), assuming only con-
tributions from NTB. In this way, we gain a sense of the
importance of ignoring NTR in spectral fits.
Although thermal emissions generally dominate flare
spectra at these energies, we are primarily concerned
with the relative importance of NTR compared with
NTB. It is important to note that thermal emissions are
weak early in the impulsive phase in some small events
due to a small emission measure (e.g. Hannah et al.
2008a; O’Flannagain et al. 2013), and that they are
weak in so-called cold flares (e.g. Fleishman et al. 2011;
Masuda et al. 2013; Fleishman et al. 2016), so that there
are times when thermal emissions are relatively less im-
portant compared to non-thermal processes. Further,
while the global emission measure may be large, that
does not preclude the possibility of emission from part of
the volume being dominated by non-thermal emissions.
Figure 3 shows the photon spectra and their fits (top),
the normalized residuals in the two cases, defined as the
total emission minus the fit, then divided by the total
emission (center), along with the derived electron dis-
tributions obtained from the fits, as compared to the
true one used to synthesize the photon spectra (bottom).
The blue dotted line shows the distribution obtained
where NTR was calculated with the corrected expression,
with the following fit values obtained: E0c = 3.48keV,
δ = 7.79, and F0c = 1.0×1036 electrons sec−1 (n.b. above
the fitted cut-off 3.48 keV), with a reduced chi-squared of
2.33. The red dashed line similarly shows the case where
NTR was calculated with the expression of B10, with the
values E0c = 5.26 keV, δ = 13.3, and F0c = 2.1 × 1036
electrons sec−1 (the fit was not good, with a reduced
chi-squared ≈ 180).
In the case of the corrected NTR expression, the fit is
reasonably good but shows physically important differ-
ences from the input, namely that δ and E0c are higher
than the true value (7.8 compared to 7, and 3.5 versus
3.0 keV), because of the extra contribution from NTR. As
a result, the emission at energies above 4 keV are under-
estimated. In the B10 case, one important discrepancy is
that the electron distribution obtained has significantly
more electrons at energies E0c,fit < E < 10 keV than
are actually present, due to the excess in recombination
Figure 3. Fitted photon spectra (top) with corrected NTR (blue)
and the expression in B10 (red), with normalized residuals, de-
fined as the total emission minus the fit emission, then divided by
the total (center), and the derived electron distributions (bottom)
found by fitting the photon spectra. The solid line indicates the
true electron distribution used to synthesize the photon spectra,
with E0c = 3keV, δ = 7, and an electron flux above the cut-off
F0c = 1036 electrons sec−1, while the other lines indicate the dis-
tributions found for each of the two cases.
emission. In both cases, the fitted electron rates F0c
have a large discrepancy since they refer to different E0c
and δ values. At 3.6 keV, the corrected NTR case over-
estimates the true injected electron spectrum by a factor
of 2.6, while at 5.3 keV, the B10 case over-estimates the
true spectrum by a factor of 116.
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4. INTERPRETATIONS
There are several major implications of these results.
1. Spectra of microflares and small flares In
small events, electron acceleration is rather inef-
ficient with small E0c and/or large δ (e.g. Fig-
ures 17 and 19 of Hannah et al. 2011), with median
values of E0c = 12keV and δ = 8 (Hannah et al.
2008b). Under such conditions, depending on tem-
perature, NTR can be a significant contributor to
the X-ray spectrum at small photon energies, domi-
nating the NTB contribution for large enough δ. In
such events therefore, NTR cannot be neglected in
the fitting of low energy photon spectra (few to 10
keV or so). In these low energy bands, the fitting
and interpretation of spectra are further compli-
cated by the contributions not only of continuum
bremsstrahlung and recombination from the ther-
mal electrons but also of spectral lines from high Z
ions. In large flares, with small δ and electrons ac-
celerated to tremendous energies, bremsstrahlung
is the dominant component of emission and NTR
a relatively small consideration in fitting spectra.
2. Inversion of hard X-ray data. In larger flares,
photon count statistics may be good enough to en-
able inversion of bremsstrahlung continuum to de-
rive electron spectra (Brown 1971). If this is un-
dertaken ignoring the small NTR contribution, the
resulting errors in the electron spectrum can be
large, especially when applied in the few to deka-
keV range where the NTR contribution has dis-
continuous recombination spectral edges - cf. B08
Section 5. This issue is even more critical in the
thick-target case addressed here where inference of
F0(E0) from J(ǫ) involves not just the first but also
the second derivative of J(ǫ) (Brown 1971).
3. Correction of Hard X-ray spectral fitting al-
gorithms. Existing Hard X-ray spectral fitting al-
gorithms (e.g. RHESSI) incorporating the B08 and
Corrigendum B10 for NTR contributions should be
further amended with our results above. These
amendments mostly reduce the importance of the
NTR contribution compared with NTB but the ra-
tio is extremely sensitive to model parameters and
can be of order unity in some cases. We urge au-
thors to use the scaling law in Section 3 to es-
timate the relative contribution of NTR to the
non-thermal spectrum. As explained in Section 5
of B08, recombination edges cause jumps in the
derivative of the photon spectrum, which in turn
cause errors in the inversion of the non-thermal
electron distribution, even when the contribution
of NTR to the total spectrum is relatively small.
Consequently, we re-emphasize the conclusion of
B08 that it is important to include NTR in spec-
tral data fitting and interpretations.
There are a few facets of the non-thermal spectrum
that remain to be considered. Importantly, we have
not treated the non-thermal excitation of bound-bound
transitions, or the downward cascade of electrons after
recombining into a level with n > 1. We will evaluate
the relative importance of these mechanisms in future
work, in order to fully understand the non-thermal
spectrum in flares.
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